Chapter 5:  Integrals

Section 1:  Areas and Distances
SOLs:  APC.14:  The student will identify the properties of the definite integral.  This will include the Fundamental Theorem of Calculus and the definite integral as an area and as a limit of a sum as well as the fundamental theorem:
Objectives:  Students will be able to:  


Find the area underneath a curve using limits

Find the distance traveled by an object (like a car)

Vocabulary:  

Area problem – find the area under the curve (and the x-axis) between two endpoints
Area – is the limit (as n approaches infinity) of the sum of n rectangles

Distance problem – find the area under the velocity curve (and the x-axis) between two endpoints

Example 1:  Sketch the graph and use geometry to find the area:

A) 
[image: image221.emf]How do we find the area of the shaded region?
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B) 
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[image: image209.emf]How do we find the area of the shaded region?
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[image: image210.emf]Circumscribed Rectangles
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Key Concept:



Area Under a Curve

Note: the shaded region is bounded by the x – axis, x = a, x = b  and the function  f(x).

We will begin by dividing the interval [a,b] into n subintervals [xi-1,xi]  where  a = x0 < x1 < x2 < … < xn = b  so each has width  (b – a) / n.
Consider the rectangle with base [xi-1,xi] and height ≤ f(x) such that each rectangle fits under the curve

And a second rectangle with height ≥ f(x) such that each rectangle is just outside the curve

[image: image3.emf]Inscribed Rectangles

a

b

[image: image211.emf]y

x


Example 2:  Estimate the area bounded by the function f(x) = x² + 1 and the x-axis on the interval [0,2] with 5 subintervals 
Example 2a:  using inscribed rectangles.                                    Example 2b:  using circumscribed rectangles
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Example 2c:  using midpoint rectangles



Example 2d:  using trapezoids
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The area under the curve must fall between the “inscribed” rectangle area and the “circumscribed” rectangle area i.e. I < A < C 

How close the approximation is to the actual area depends on the partitioning of the interval [a,b].  If we increase the number of partitions, we will increase I and decrease C so 
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.  As ∆x → 0 what is happening to n, the number of partitions?
Example 2e:  Use sums to find the area of the region between the graph of y = x² + 1 and the x-axis from x = 0 to x = 2.  Partition [0,2] into n intervals, the width of the intervals will be (2-0)/n = 2/n.  Since the function is increasing on this interval, the inscribed heights will be f(xi-1) and the circumscribed heights will be f(xi).
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Other Examples:
[image: image216.wmf]f

1. Estimate the distance traveled (area bounded by the velocity v(x) = 100 – 32t and the x-axis) on the interval [1,3] with 4 subintervals.

[image: image217.wmf]t


[image: image218.bmp]2. Find the area bounded by the function f(x) = x² + 1 and the x-axis on the interval [0,2] using limits.
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Concept Summary:


In order to find the area underneath a curve we must take a limit of the sum of rectangles as the number of rectangles approaches infinity
Homework:  pg 378 – 380: 2, 5, 12, 13, 15
Read:  Section 5.2
Section 5.2:  The Definite Integral
SOLs:  APC.14:  The student will identify the properties of the definite integral.  This will include the Fundamental Theorem of Calculus and the definite integral as an area and as a limit of a sum as well as the fundamental theorem.
APC.16:  The student will compute an approximate value for a definite integral.  This will include numerical calculations using Riemann Sums and the Trapezoidal Rule.

Objectives:  Students will be able to:  


Understand Riemann Sums

Understand the Midpoint Rule


Understand the properties of the Definite Integral

Vocabulary:  

Riemann Sum – a summation of n rectangles used to estimate the area under curve; when used with a limit as n approached infinity, then the Riemann sum is the definite integral
Definite Integral – the integral evaluated at an upper limit (b) minus it evaluated at a lower limit (a); gives the area under the curve (in two dimensions)
Key Concepts:
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Let f be a function that is defined on the closed interval [a,b].  If ∆ is a partition of [a,b] and ∆xi is the width of the ith interval, ci, is any point in the subinterval, then the sum 
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 is called a Riemann Sum of f.    Furthermore, if 
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 exists, 
we say f is integrable on [a,b].  Moreover, 
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, called the definite integral (or Riemann Integral) of f from a to b.
a is called the lower limit of integration and b is called the upper limit of integration .  If a function f is continuous on the closed interval [a,b], then f is integrable on the interval [a,b].  Intervals can be any length.

Sketch the curve on the given interval and then write the definite integral that expresses the area pictured:
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b.  y = cos x on  [-π/2, π/2] 
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c.  x = y²,  y ( [0, 2] 
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Write the following as definite integrals:

a) 
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b) 
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c) 
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d) 
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e) 
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Properties of the Definite Integral:
1. 
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2. 
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3. If f is integrable on three closed intervals defined by a, b, and c, then 
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Examples: Suppose 
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 gives the signed area.  If you want total area, you use the Additive Interval Property.

Ex.  Area from a to b = 
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Homework – Problems:  pg 390 - 393: 3, 5, 9, 17-23, 33, 38
                       Read:  Section 5.3
Section 5.3:  The Fundamental Theorem of Calculus
SOLs:  APC.14:  The student will identify the properties of the definite integral.  This will include the Fundamental Theorem of Calculus and the definite integral as an area and as a limit of a sum as well as the fundamental theorem: 
                                           The integral from a to x of f(t)d(t) dt/dx = f(x)
Objectives:  Students will be able to:  


Understand both forms of the Fundamental Theorem of Calculus

Understand the relation between integration and differentiation

Vocabulary:  

Definite Integral – is a number, not a function
Key Concept:

The Fundamental Theorem of Calculus relates differential calculus and integral calculus as inverse operations.
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Theorem: Let f be continuous (hence integrable) on [a,b] and let F be any antiderivative of f there.  Then 
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Proof:

Let ∆x be the following partition of [a,b]:  a = x0 < x1 < x2 < … xn-1 < xn = b, so F(b) = F(xn) and F(a) = F(x0)
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By the Mean Value Theorem, there exists a number ci in the ith interval such that: 
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 EMBED Equation.3  [image: image44.wmf](
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Three Important Observations:

1. If you can find an antiderivative of 
[image: image49.wmf]f

, you can evaluate the definite integral without using a Riemann Sum.

2. Convenient Notation: 
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3. It is not necessary to include the constant because it always cancels.

 
[image: image51.wmf](

)

(

)

[

]

(

)

[

]

(

)

[

]

(

)

(

)

a

F

b

F

C

a

F

C

b

F

C

x

F

dx

x

f

b

a

b

a

-

=

+

-

+

=

+

=

ò


Ex.
1. 
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5. Find the area of the region bounded by y = 2x2 – 3x + 2, the x-axis and the lines x = 0 and x = 2.
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The Definite Integral 
as a number


as a function
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The Fundamental Theorem of Calculus: If f is continuous on [a,b], then the function g defined by 
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 is continuous on [a,b] and differentiable on (a,b) and g’(x) = f(x).
Examples: Find the derivative of each of the following:

1. 
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What if the upper limit is not x?

5. 
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What if one of the limits is not a constant?
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8. 
[image: image67.wmf]ò

x

x

dt

t

cos

sin

2


In problems 1 - 3 find 
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2. F (x) = 
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3. F (x) = 
[image: image71.wmf]1

4

2

+

ò

t

x

x

dt

4.  Consider F (x) = 
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(a)  Find F ( (x). 

(b)  For what number x does F attain its minimum value? ______   Justify your answer.

(c)  How many inflection points does the graph of F have? _____  Justify your answer., 
Homework – Problems:  pg 402-404: 3, 7, 9, 19, 22, 27, 28, 61
                       Read:  Section 5.4
Section 5.4:  Indefinite Integrals and the Net Change Theorem
SOLs:  APC.13:  The student will find the indefinite integral of algebraic, exponential, logarithmic, and trigonometric functions.  

Objectives:  Students will be able to:  


Solve indefinite integrals of algebraic, exponential, logarithmic, and trigonometric functions

Understand the Net Change Theorem


Use integrals to solve distance problems to find the displacement or total distance traveled
Vocabulary:  

Indefinite Integral – is a function or a family of functions
Distance – the total distance traveled by an object between two points in time
Displacement – the net change in position between two points in time 

Key Concept:

Complete the following integration formulas by reversing the derivative formulas:

1. 
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Now use your knowledge of the formulas and integration rules to evaluate the following:
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The Net Change Theorem: The integral of a rate of change is the net change:
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This theorem is used in many applications.  (see p. 408 in the text)

Example 1: A deer population is increasing at a rate of 
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per year (where t is measured in years).  
By how much does the deer population increase between the 4th and 10th years?  Show integral set up and answer.

For velocity functions 
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.  This represents the change in position or displacement.  For total distance traveled, you need the total area or 
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.  (see diagram on p. 409)
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Example 2:  Find 
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Homework – Problems:  pg 411-413: 1, 7, 8, 17, 20, 23, 33, 59, 62
                       Read:  Section 5.5
Section 5.5:  The Substitution Rule
SOLs:  APC.13:  The student will find the indefinite integral of algebraic, exponential, logarithmic, and trigonometric functions.  The special integration techniques of substitution (change of variables) and integration by parts will be included.

Objectives:  Students will be able to:  


Recognize when to try ‘u’ substitution techniques


Solve integrals of algebraic, exponential, logarithmic, and trigonometric functions using ‘u’ substitution technique

Use symmetry to solve integrals about x = 0 (y-axis)

Vocabulary:  


Change of Variable – substitution of one variable for another in an integral (sort of reverse of the chain rule)

Even Functions – when f(-x) = f(x); even functions are symmetric to the y-axis


Odd Functions – when f(-x) = -f(x); odd functions are symmetric to the origin

Key Concept:


[image: image102.emf]U Substitution Technique

1. Recognize in a problem that the integral in its present form is one that we cannot 

evaluate!

2. See if changing the variable by letting u = g(x) (applying the “anti-chain rule”) will 

yield an integral that we can evaluate.

Examples:

a.    

∫

(2x + 1)²dx = 

∫

(2x + 1)²2/2 dx = ½

∫

(2x + 1)²2 dx= ½

∫

u²du= 1/6 u³+ C

b.    

∫

xcos(4x²) dx = 

∫

cos(4x²)8/8 xdx = 1/8

∫

cos(4x²)8xdx = 1/8

∫

cos(u)du= 1/8sin(u) + C

c.       e

1/x

x

-2

dx =      e

1/x

(-1/-1)x

-2

dx     =  - e

1/x

(-x

-2

dx     =  - e

u

du =   -

[

e

u

]

∫

2

1

let u = 2x +1 

then du= 2dx

we are missing a 2 from dx

so we multiple by 1 (2/2) 

= 1/6 (2x + 1)³ + C

let u = 4x²

then du= 8xdx

we are missing an 8 from dx

so we multiple by 1 (8/8) 

½ goes outside ∫ and

2 stays with dx

= 1/8 sin(4x²)+ C

let u = 1/x = x

-1

then du= -x

-2

dx

we are missing an -1 from dx

so we multiple by 1 (-1/-1) 

∫

2

1

∫

u=1/2

u=1

∫

2

1

to save steps change integrand 

from x = to u= 

u=1/2

u=1

= -(e

½

-e

1

)

=  (e

1

-e

½

)

= 1.0696


Consider the problem of finding
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If we let u = x² + 3x and 
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, then du = (2x + 3)dx.  We can rewrite the integral using substitution to get 
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.  Now we have an integral that we know how to do.  Integrate.
_______________

Now substitute back in for u.

Try: 
1. 
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2. 
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4. 
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The Substitution Rule:  If  u = g(x) is a differentiable function whose range is an interval I and f is continuous on that interval, then 
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In some cases, we may need to modify g’(x).   Consider 
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Let u = x² + 1, then du = 2xdx, what is missing in our integrand?

Try these:
1. 
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2. 
[image: image113.wmf]ò

xdx

x

2

tan

2

sec


3. 
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4. 
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10. 
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Substitution Rule for Definite Integrals:  Let g have a continuous derivative on [a, b] and let f be continuous on the range of g.  Then, 
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Example:  
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Let u = x2 + 1


     du = 2xdx

lower limit  u = 02 + 1 = 1


upper limit  u = 12 + 1 = 2
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Try these!

1.  
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Integrals of Symmetric Functions:  Suppose f is continuous on [-a, a] 

· If f is even then 
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· If f is odd, then 
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What is 
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What is 
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What is 
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Find 
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Homework – Problems:  pg 420 - 422: 1, 2, 6, 8, 13, 21, 35, 42, 51, 58, 59, 76
                       Read:  Section 5.6
Section 5.6:  The Logarithm Defined as an Integral
SOLs:  None
Objectives:  Students will be able to:  


None
Vocabulary:  


None
Key Concept:

Not covered as part of our course
Homework – Problems:  : 

                       Read:  

Chapter 5:  Review

SOLs:  None
Objectives:  Students will be able to:  


Know material presented in Chapter 5
Vocabulary:  None new
Key Concept:

Book review problems are on pages 431-435.

Homework – Problems:  pg 431-435: 

                       Read:  Study for Chapter 5 Test

Calculator Multiple Choice

In problems 1-2, choose the answer that gives the area of the region whose boundaries are given.

1.  The parabolas 
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A.  
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     E.  none of these

2.  The curve 
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A.  
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     E.  none of these

3.  The area bounded by the parabola 
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E.  none of these

In problems 4 – 7, the region whose boundaries are given is rotated about the line indicated.  Chose the answer which gives the volume of the solid generated.

4.  
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A.  
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A.  
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B.  
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     C.  
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E.  none of these

7.  
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A.  
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       B.  
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     E.  
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8. Approximate the arc length of the graph 
[image: image189.wmf]()cos

fxx

=

 on the interval 
[image: image190.wmf][
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A.  2

       B.  3.820

C.  3.143
D.  2.438
     E.  none of these

9. A force of 900 pounds compresses a spring 5 inches from its natural length.  Find the work done in compressing the spring 4 additional inches.  (units are in inch-pounds).

A.  1620

       B.  7290

C.  720

D.  5040

     E.  none of these

Free Response

Sample AP Problem 1:  Let 
[image: image191.wmf]R

 be the region enclosed by the graphs of 
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 and 
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.

a. Set up and evaluate an integral that gives the area of 
[image: image194.wmf]R

.

b. Without using absolute value, set up an expression involving one or more integrals that gives the volume of the solid generated by revolving 
[image: image195.wmf]R

 about the x-axis.  Do not evaluate.

c. Without using absolute value, set up an expression involving one or more integrals that gives the volume of the solid generated by revolving 
[image: image196.wmf]R

 about the line 
[image: image197.wmf]1

x
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.  Do not evaluate.

1981 BC 6  a.  A solid is constructed so that it has a circular base of radius r cm. And every plane section perpendicular to a certain diameter of the base is a square, with a side of the square being a chord of the circle.  Find the volume of the solid.

b. If the solid described in part (a) expands so that the radius of the base increases at a constant rate of ½ cm./min, how fast is the volume changing when the radius is 4 cm?

Sample AP Problem 2:  A flat metal plate is in the shape determined by the area under the graph of 
[image: image198.wmf]1
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 between 
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 and 
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 (pictured at the right).  The density of the plate 
[image: image201.wmf]x

 units from the y-axis is given by 
[image: image202.wmf]2

x

 g/cm2. 

a. Write a Riemann sum with 5 terms which approximate the total mass.  Is your approximation an underestimate or overestimate?  Explain.

b. Write and evaluate the definite integral which gives the exact value of the total mass of the plate.

Answers:  

1. C   

2. D   

3. C   

4. B   

5. C   

6. D   

7. A   

8. B   

9. D

Sample AP Problem 1: a.  
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1981 BC 6  a.  
[image: image206.wmf]3
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     b.  128 cm3/min

Sample AP Problem 2: a. Answers may vary.  Using left endpoints, you get 
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After Chapter 5 Test:
Homework – Problems:  None

                       Read:  Chapter 6 to see what’s coming next
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Left-Edge Rectangles
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Σ  cai = c Σ ai

i = m

i = n

Sigma Notation

Operations:

i = m

i = n

Σ (ai ± bi) =  Σ ai ± Σ bi

i = m

i = n

i = m

i = n

i = m

i = n

constants factor out

summations split across ±

C is a constant, n is a positive integer, and ai and bi are dependent on i

Formulas:

C is a constant, n is a positive integer, and ai and bi are dependent on i

Σ

i = 1

i = n

1  =  n

Σ

i =1

i = n

Σ

i = 1

i = n

Σ

i = 1

i = n

Σ

i = 1

i = n

c  =  cn

        n(n + 1)            n² + n

i  =  -------------  =   ----------

              2                      2

        n(n + 1)(2n + 1)        2n³ + 3n² + n

i²  =  --------------------  = --------------------

                  6                                 6

        n(n + 1)   ²      n² (n² + 2n + 1)

i³  =  -----------    = --------------------

              2                          4
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How do we find the area of the shaded region?
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Displacement vs Distance Traveled

displacement is net change in position

distance is the total distance traveled

∫

t2

t1

∫

t2

t1

displacement =    v(t) dt = A1 – A2 + A3





distance =    |v(t)| dt = A1 + A2 + A3
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U Substitution Technique

		Recognize in a problem that the integral in its present form is one that we cannot evaluate!

		See if changing the variable by letting u = g(x) (applying the “anti-chain rule”) will yield an integral that we can evaluate.





Examples:



a.    ∫(2x + 1)² dx    = ∫(2x + 1)² 2/2 dx  = ½∫(2x + 1)² 2 dx =  ½∫u² du = 1/6 u³ + C







b.    ∫xcos(4x²) dx    = ∫cos(4x²) 8/8 xdx  = 1/8∫cos(4x²) 8xdx =  1/8∫cos(u) du = 1/8sin(u) + C







c.       e1/x x-2 dx     =      e1/x (-1/-1)x-2dx     =  -    e1/x (-x-2dx     =  -       eu du     =   - [  eu ]

let u = 2x +1 

then du = 2dx

we are missing a 2 from dx

so we multiple by 1 (2/2) 

= 1/6 (2x + 1)³ + C

let u = 4x² 

then du = 8xdx

we are missing an 8 from dx

so we multiple by 1 (8/8) 

½ goes outside ∫ and

       2 stays with dx 

= 1/8 sin(4x²) + C

let u = 1/x = x-1 

then du = -x-2dx

we are missing an -1 from dx

so we multiple by 1 (-1/-1) 

to save steps change integrand from x = to u= 

u=1/2

u=1

= - (e½ - e1)

=  (e1 - e½)

= 1.0696

∫

2

1

∫

2

1

∫

u=1/2

u=1

∫

2

1
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Right-Edge Rectangles
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Midpoint Rectangles
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